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User’s point of view
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Applications to other areas:

Web retrieval, XML processing, NL processing, text mining,

multimedia search, bioinformatics, signal processing, ....

Theory vs. Practice

How we can measure the goodness of an algorithm?

e Asymptotic worst case behavior
e Asymptotic average case behavior

e Practical behavior

D. Knuth [IFIP’89 Invited speech]

e Balance between theory and practice

e Software is hard

The best theory
is
inspired by practice
The best practice
is

inspired by theory



Problem Search Models

¢ X: finite alphabet of size o 1. p is aword (depends on the language)

e Text ¢ € X% of length n 2. p is any sequence starting in an index-point

e Pattern p € £* of length m (m << n) Some data structures assume the first model
m is considered bounded

i i Answer Model
e Problem: find all occurrences of pin ¢ swer Models

e Space complexity .S: the extra space used for the search (index)
e exact match

RAM model: words of size O(log n)
e approximate match (distance function needed)

e Time complexity C: time needed to find the pattern
e closest match or all matches at a certain distance
or equivalent measure (for example, comparisons)

— Worst-case Computation Models

— Average-case (uniform text and pattern)
e Text-Pattern comparisons

e Arithmetical/Bitwise operations



Algorithmic point of view

Input data:
e Raw pattern and text
- sequential, on-line, real-time algorithms
e Preprocessing of the pattern
- pattern is known in advance
e Preprocessing of the text — index

— Inverted index

— Suffix trees (tries, Patricia trees, ....)
— Suffix arrays

— Based on g-grams

— Automata: DAWGsS, suffix based
e Hybrid solutions:

— Filtering or Filtration

— Two Level TR

String-Matching Space-Time Trade-Offs

Space Complexity
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String Matching: Definition

e Basic problem: find exact occurrences of a pattern in a text
e Variations

— Allow k£ mismatches (Hamming distance)
— Allow & insertions (Episode distance, not symmetric)
— Allos & insertions and deletions (LCS distance)

— Allow k& mismatches, insertions and deletions

— Language dependent measure: phonetic, morphems, etc.

e Examples:
t ext
t ext
text: This is a text exanple ...
t ext
ex

e Software examples: grep command in Unix (sequential) or Google

in the Web (index based).

String Matching Complexity

n: size of the text

m.: size of the pattern

e Raw text

— Worst case:

lower and upper bound of n + O(n/m) comparisons
— Average case: O(logm n/m) lower and upper bound

— ASM: O(kn) worst case, O((k + log m)n/m average case
e Preprocessed text:

— Index construction: O(n) time and space (finite alphabet)
— Worst case: O(m) comparisons
— Average case: min(m,logn) comparisons

— ASM: several results, still open
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Classical Algorithms

Knuth-Morris-Pratt

Text

Boyer-Moore

EBZ Match heuristic

Text

EBE Occurrence heuristic

Text

EN

Horspool Sunday

Match heuristic defines BM automata
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Knuth-Morris-Pratt Algorithm

Fascinating story.... from theory and practice

Preprocessing:

next[j| = max{i|(pattern|k] = pattern|j —i+k|fork=1,...

and pattern[i| # pattern[j|} ,

forj=1,...,m.

Example:

abracadabra

next[j] 011020201105

Worst case complexity: 2n + O(matches)

Extension to multiple patterns: Aho-Corasick
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Algorithm

search( text, n, pat, m ) // Search pat[1l..m] in text[1l..n]
char text[], pat[];
int n, m;
{
int next[MAX_PATTERN_SIZE];

pat[m+1] = CHARACTER_NOT_IN_THE_TEXT;
kmp( pat, m+1l, pat, m+l, next ); // Preprocess pattern
kmp( text, n, pat, m, next ); // Search text
pat[m+1] = END_OF_STRING;

}

kmp( text, n, pat, m, next )
char text[], pat[];
int n, m, next[];

{
static dosearch = 0;
int i, j;
i =1;
if( !'dosearch ) // Preprocessing
J = next[1] = O;
else j = 1;
do {
if( j == 0 || text[i] == pat[j] )
{
i++; J++;
if( 'dosearch ) { // Preprocessing
if( text[i] !'= pat[j] ) next[i] = j;
else next[i] = next[j];
3
3
else j = next[j];
if( dosearch && j > m ) { // Search
Report_match_at_position( i-m );
J = next[m+1];
3
while(C i <= n) ;
dosearch = 1;
}

14



Boyer-Moore-Horspool-Sunday Algorithm Counting: Baeza-Yates/Perleberg, 1992
A simple example of filtering:

Match heuristic can be extended: BM automata, suffix automata
e Idea: Count the number of matches for all

In practice the occurrence heuristic is the key issue: . .
possible positions of the pattern

dz] = min{s|s = m+lor (1 < s <=mandpatternfm+1-s| = z)} . e Straight implementation: Brute force algorithm

with O(mn) worst and average case time
search( text, n, pat, m) // Search pat[1l..n in text[1..n]
char text[], pat[];
int n, m
{
int d[ MAX_ALPHABET_SI ZE], i, j, k, lim

/'l Preprocessing Pattern = |:|
for( k=0; k<MAX_ALPHABET S| ZE, k++ )

dik] = m+l; Text = |

for( k=1; k<=m k++ )
dipat[k]] = m-1-k; Count= 2000 0020 0 0 0 10 00 0 0003001 e

/1 Search

lim= n-mt1;

for( k=1; k <= 1lim k += d[text[k+n]] )

{

i =k; /] Could optinmal order Improvements
for( j=1; j<=m && text[i] == pat[j]; j++)
i ++; . :
if(j ==m1) e Preprocess the pattern computing which
Report _match_at _position( k );
} characters of the alphabet should update a counter

e We need only the last m counters

Complexity ranges between n/(m + 1) and O(nm) O(m + |3]) extra space
L] m

15 16



Example

Pattern =than

Text = his is an ex ample that. ...

v S 74

Count= 2000 0020 0 00 100 000003001

Each step is:

For all j such that pattern[j] = text[i]

i ncrenent count[i-j +1]

Code

for (i=0; i<n; i++) {

if ((offl=(aptr=&alphaf[c=*t++])->offset) >= 0) {
count[(i+off1)&M0D256]--;
for (aptr=aptr->next; aptr!=NULL; aptr=aptr->next)

count[(i+aptr->offset)&V0OD256]--;

}

if (count[i&M0OD256] <= k) printf(""%d",count[i1&M0D256]);

count[i1&MOD256] = m;

17

Running time

¢ O(R+n+m + |3|) total cost

e R is the number of text-pattern symbol matches

0<RZ frnaen <mn

e On average R = O(fg—ln)
e Cost is independent of number of mismatches

e Not suitable for m >> ¥ (e.g. DNA)

18



Bit Parallelism: Baeza-Yates/Gonnet, 1989 [2]

Parallel algorithm using m processors

Po Pm-1
1 output

text

Processorz: 1

0

current character

ifpg,...,pi = tj—i;---atj

otherwise

o ply & (patternfi] =? text[j))

19

Example:
1
------------
-
o}
e[ x[t]
Output
L[ [efnfifs[ [ils] [a] Itlelxlfl HEE
J
20



Bit sequence simulation

One bit per processor — simulation with a bit vector!
p
P+ ( shiftleft ) & | a =7 text[j]
t
For finite alphabets, all possible comparisons can be precomputed

before the search

P ( shiftleft p) & T[text[j]]

In the example:

Tt]  Tle] TIx] Tl
t 1 0 0 0
e 0 1 0 0
X 0 0 1 0
t 1 0 0 0

0+—1 — shift-and/or algorithm

Handbook of Algorithms and Data Structures, 2"¢ Ed, 1991
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Complexity

For the uniform cost RAM model, we have
word size = O(logyn)

e Preprocessing time: O(X + m)

e Search time: O(mn/logn)

e Space needed: O(¥Xm/ logn) words

Code:

// Preprocessing

for( i1=0; iI<MAXSYM; i++ ) T[i] = 70;

for( lim=0, j=1; *pattern != EOS; lim |= j, J <<= B, pattern++ )
T[*pattern] &= 7j;

lim = ~(lim >> B);

// Search

matches = 0; state = 70; // Initial state

for( ; *text != EOS; text++ )

{
state = (state << B) | T[*text]; // Next state
if( state < lim )
// Match at current position-len(pattern)+1
¥

22



Extensions

e Every pattern element is a class of symbols

Just change 7'!
e Don’t care symbols on the text: 7' = 11...1
e Multiple patterns: just one longer sequence

e Mismatches: count the number of mismatches
+ instead of &, using log k + 1 bits per position

k is maximal number of mismatches allowed

1 2 m

. Overflow bit
log, k bits
e Insertions and deletions [Wu & Manber, 1991]
k + 1 bit sequences
Agrep: Was the fastest approximate search tool for Unix, now

nrgrep
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Approximate String Matching: Dynamic Programming

e Minimum number of errors to match P;_; to a suffix of 7 ;
Cl0,j] =0

Cl[i, 0]

i

Cli,j] = it (P;=T,)then C[i —1,j — 1]
else 1 + min(Cli — 1,74],C[i,j — 1],C[i — 1,5 — 1])

e Example:

s|ulr|glelr|y

0/0{0|0j0|0|0]|0
s|1/0j1j1f1/1|11
uj211/0/1(2|2(2|2
ri3/2(1/0(1(2(2(3
v(i4(3/2(1]1/2|3|3
e|l5(4|3/2(2|1(2]|3
y|6[/5]/4/3/3/2]2]2

e Bit-wise approach to DP is the fastest for long strings (¢, 8)

24



From Automata to Bit-parallelism

Exploit automata structure

Consider the NFA to search for t ext

e X t
M M M
N N N ©

OWhs

e Processors in 1 <= Active states of standard simulation
e Be careful with e-closure

¢ Related to hardware implementations

Based in Baeza-Yates [5]

25

Approximate string searching

Consider the NFA for searching t ext with at most & = 2 errors

no errors

1 error

2 errors

Longest positional match wanted?

26



Horizontal bit parallelism: Wu & Manber Vertical bit parallelism:

Nno errors
Nno errors
1 error
1 error
@ 2 errors
2 errors
Key information: highest (smallest error) active state per column
E’k — (shift ék & Tltext[f]]) or EIH or (shz’ft(l%k,l or R)/kfl)) State of the search: m numbers on the range 0...k + 1.
Initially R, = 11..100..0 (k ones) R, = min( Ri 1+ (text[j] == pattli — 1)), Ri+1, Ri_;+1)
Initially Ry = 0 and R, = Ry
Drawback: Dependency on R,
Related to dynamic programming:
Complexity: O(kmn/logn) search time e Longest common subsequence, string editing

O((k +X)m/logn) space
¢ Related to Ukkonen’s automata approach
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Diagonal bit parallelism: Baeza-Yates & Navarro [1996] ASM: Sequential Algorithms

Worst case
Based on DP matrix |

no errors | Average case
Automaton
1 error | For moderate patterns

Filters
For very long patterns
Based on automata

Bit-parallelism

2 errors | Based on DP matrix

first algorithm &0 [Selsa] [MPso]

Each diagonal represents an e-closure (longest match): b, e

bt vomcmes 85 DV DMy | jouissy
) . g6 [VeoIDyeses] | ! !
D; = min(D;+1, Dis1+1, g(Dia,c)) S R A e
PO - R S A
where g lomal b S S :
ik g0 [otsymwey | L [roesjioes)
. . Coa S A R S .
9(Diye) = min({k+1} U {j/j=Di A patli+j]==c}) pevipaid 02 09 (WM | (WMsa | [Waozy (BVPSSI[ULey
93 . S S
¢ Advantage: all R;s can be computed in parallel arg. lomes bound 94 ‘ | [Wsa] | (OMo4] [Tukoe]
o5 o Imewe 0 osTey
e Mixing this with filtration we get O(n/mk/ logn) time % e PR PN PSRRI
97 mvem S | Rl
ftotprocical 98 [OH58] | Dycos] | [NBYoss] NBYooc] NRssly

¢ Related to simulation of DP over a suffix array (later) and bioin- - —

formatic applications
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Dynamic Programming Automata and Bit-Parallelism

[Ukk85b] [MPa&0]
Practical Theoretical Definitionof DFA - .
[Vin6s, NW70, San72] mi_n(;mm::(.mﬂ-)* nllion Four Russians technique
|| [Sel74, WFT4, LW T5] '
O
[Selsd / Ol o
First O{mn) search algorithm
O{m) space
[Melog] [Hurss, Nave7h) [WMMa6]
[MPa0] Tmipraved analysis Lazy automaton Ofmnflogs) time
[Ukk85b] Four russians (R+2)™ "% (le+1)! states
Ofnm/log? n) time - ) Ofs) space
Cut-off heuristic O(n) extraspace [Ukk&6a, Myes6h] replaces & by minle,m
O(kn) expected time
O[m) space O(k?) edit distance
A is [CLo2, BY Ngg ofk? i . .
et d (Flspese Parallelize automaton Parallelize matrix
[Lvas] ‘ [Lvas]
[Mye8éa]
All matches Disgonk fransition BYsg]
Ofkn) ti Ofk?n)ti Ofken) ti ; . .
oEn')‘):,:? Ol(m)";;;:f ‘ OEH';:::: Birth of bit-parallelism
/ [WM92a]
[Mye86a, GPo0] | [GPo0] [UWa3] [GGss]
Brute force Prefix matrix| | Suf. aut. of patt Partials. tree Bit- parallel NFA
O(kn) expected | O(kn)time O(kn) time O(kn) time Ok [m/w]n) time [Wrind]
Ofk)space O(m?) space | | O(m) space O(m) space
Parallelized DF matrix
Of{mnlog{r) fw) time
[CLaz] [GPg0, CLa4] [sveT]
Colummn partitioni Suff. tree of patt ¥ Wl YNO9
Ohof o) wiactid Olkm) time. | | nk®(alog® n)Tas B |
5
Ofme) space i il s NFA parallelized by diagonals
O [km fw] n) worst-case [Mye08]
[CHag] O{k*n/w) average : ;
Text Searching Patt. period. Edit Distance Optimal parall. DP matrix
Ofn{14kfm)) O(mn/w) worst-case
time (e=3 or 4) O(knfw)onaverage
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Filtering or Filtration A First Lemma for Filtering

Find potential matches and then apply a sequential algorithm to

check each candidate Lemma 1: Let A and B be two strings such that d(A4, B) < k. Let
e Search time is A= Az Asmy... 1y s 1Ak, TOr strings A; and z; and for any s >
1. Then, at least s strings A;, ... A;, appear in B. Moreover, their

Filtration(n) + Candidates(n) O(mk)
relative distances inside B cannot differ from those in A by more

e Filtration can be done by a sequential scan or by an index than k.
* There is trade-off between Filtration(n) and Candidates(n) Consider the sequence of at most & edit operations that convert A
e There is always a maximum error ratio « = k/m up to where into B.

Filtration is useful, as for larger error levels the text areas to « Each edit operation can affect at most one of the A;’s, at least

verify cover almost all the text of them must remain unaltered.

» Verification can be done in a hierarchical fashion ¢ Relative distances: the & edit operations cannot produce mis-

alignments larger than k.

aaabbbcccddd
aaabbb cccddd
aaa bbb cce ddd

| | 1 ][ | |
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Example
A AL a2 2, A3 B _g M x4 A5
B Al A/\A/\Z/\/ A3 /\/\ﬁ\/\/ AS

An example of Lemma 1 with £ = 3 and s = 2:
e At least 2 of the As survive unaltered.

e They are actually 3 such segments because one of the errors ap-

peared in ;.

e Another possible reason could have been more than one error

occurring in a single A;.
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Filtering Algorithms

[TUa3]
Horspool-like filter
el2.+ 1)/ ko time

for a<e (241} /=

[BYNog] (1996)

Part. intoless errors

n/ mk/w time

for a<l—em V¥ [ /o

[BYNog]
Superimposition

ny/ mbkfow time

for a<1—em V¥ [ /&

Moderate patterns

[TUSS, NaveTal
Counting filter

n time for a<e™ ™

[WMo2a, BYP94, BYNGS]
Partitionin ki1 pieces

R Y )

for a<1/(3log, m)

[NBYgt¢]

Hierarchical verif.
knlog, (m)/e time
fora<llog, m

Long patterns
[CLo4, Ukka?] [CLo4]
LET SET
n time anlog,(m) time
fora<1flog, m+4+0(1}

[Ukkg2]

Generaliz. tog-grams
nfor a<0(1/(log, m))

[Shise]

ks pieces

anlog, (m)time
fora<Q(1/log, m)

[Takod]
Text h-samples
anloge(m) time

fora<O(1/log, m)

[CMa4]

Opt. algor. & lower bound

njk+log, m)/m) time
fora<l-ef/o

[NBY®98a]
Hierarchical verif.

ny/ mk/ow time

for a<l—efy/o

[NRost]

Suffix automata
ata® lag (m)fm

ﬂt—[mrbl?)r}

fma(;:—:‘]’:—"y}':;

[STas]
Many h-samples

anlog,(m) time
fora<O{1/log, m)
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[GKHO®T]

Dynamic filtering




Worst Case Complexity and Space Average Case Complexity and Error Ratio

time time
mn | [SEISD] knlog(m)/w srsmea sy [HYINGE]
Rl oo e R i S S R R [BYNQQ] (96) .
S [LV8g] i R EBEY, |5 e e S B S s S AT e [BYNag]............ [NBY8a]
92] :
S | N— 1) @1‘.“94]
: MS2a]
Kl lega) T I R - :
[Mye86a] . |
55 [LV89g] . YNog]
i knlog,(m)fe .. [NBY983]
anlog, m s g&kﬁ‘;]]
n(1+k? /m) ?].]I_..ggi]
n[km/ logn] : af atalsgelm)/m) : [NR98b]
il (WMMs6] L S T s i Y | |
mn/login [MPs0] nlktlog,m)fm | Sy .................... S B [CMo4]
n : : : : : : max o
emmie o=}/ O(1/log, m) ;::::ﬁ 1- ""Di:,ém 1-efyfm
n space
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Best Algorithms

RUS

0.7
BFD

BPM

0.5
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m EXP
BPP

Data Structures

e Inverted indices permit searching for any word in the text.
o Suffix trees allow searching for any substring of the text.
e Suffix arrays permit the same operations but are slightly slower.

e (Q-grams allow searching for any text substring not longer than
q.

e ()-samples permit the same but only for some text substrings.



Inverted Indices

Idea: all words and their positions

1 6 9 11 17 19 24 28 33 40 46 50 55 60

This is a text. A text has many words. Wrds are nade from letters.

Text
Vocabulary Occurrences

letters 60...

made 50...

many 28...

text 11,19... Inverted Index
words 33, 40...

Vocabulary search: Hashing, sorted, etc.

Granularity of the occurrences depends in what we want to an-

swer: file, word, byte

41

Inverted Files: Space
e \ocabulary: Heaps’ law
V = Cxnf
e Posting file: linear space (one occurrence = one pointer)

e Word distribution: Zipf’s law

N
Wy, = ————=
" T‘GHN (9)
where
Hy(6) = %
N N r=1 T’e
e Stopwords: half the posting file
e Linear space

Vocab. Vocab.
Text length Posting lists
Heaps Law Zipf’'sLaw

42



Complex Patterns

Search the vocabulary sequentially (e.g. ASM) and do set opera-

tions

di d2 d3 d4 d5 dé
Used Cars Excel | ent Second Cars & Change
cars used of fer of hand trucks car for
and trucks trucks cards bar gan a truc

|

I sel | dl [1]

1 car d1,d2,d4,d5,d6 [2][2][2][1][2]

, @] truck d1,d3,d5 [31[31[2] [d1,3][d3,3],[d5,2],[d6,3]

I use d2 [2] [d5,3]

l excel | ent d3 [

} of fer d3 [2]

I second d4 [2]

l hand d4 [3l

, @| bargan d5 [3]

! change dé [1]

1 1| truc dé [3]

Y

Vocabulary Posting file Inversion [d5,2-3]

"bargain for trucks' [approximate]

43

Building Inverted Indices

e Process text pieces as large as possible
40

1 6 9 11 17 19 24 28 33 46 50 55 60

|This is atext. Atext has many words. Wrds are nade from letters.

Text

letters: 60

e |

Vocabulary trie

"n
text: 11, 19
words: 33, 40

e Merge partial indexes

l I-1.8 (finaLI?leei)
4
I-:k..;‘____r H \\\\{_5,’_3 Level 3
l I-1.+.2/ l l \I-i.A l l |.i“(; l l I\-7.4.8 l Level 2
(i) Doz (e Do) (s ] [ ) e 1 [0 ] g sumes
a4



Two-level Text Retrieval: Block addressed inverted files

Idea used in PIRS (Personal Information Retrieval System)

[Wu and Manber 1993]
e The text is divided in 256 blocks of the same size
e An inverted file of all the different words of the text is built

e Each entry indicates only the blocks where the word appears

— 1 byte per block

e First we search in the inverted file

next in the corresponding blocks using a fast sequential algo-

rithm
Complexity depends on the number of occurrences

— locality of reference is important

e For large texts, empirical results show that the index requires

less than 5% of the text size
e This idea works reasonable well up to 200Mbs

45

Inverted File Space in Practice

Index Small base | Medium base | Large base
(1 MB) (200 MB) (2 GB)
Full
inverted | 45% | 73% | 36% | 64% | 35% | 63%
Document
addressing | 19% | 26% | 18% | 32% | 26% | 47%
Block (64K)
addressing |27% |41% | 18% | 32% | 5% | 9%
Block (256)
addressing | 18% | 25% [ 1.7% | 2.4% |0.5% | 0.7%
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Tries and Suffix Trees Suffix Arrays

; to be at the beach or to be at work, that is the real question $

SESETTETI. RN

14 7 10 14 20 23 26 29 32 38 43 46 50 55
Suffix Array

[n]sJ1JaJe 2957 J10]3]

1: to be at the beach or to be at work, that is the real question
4: be at the beach or to be at work, that is the real question
7: at the beach or to be at work, that is the real question

10: the beach or to be at work, that is the real question

55: question

e Search time is optimal: O(m)

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
| 7]29] 4]26]14]43]20]55]50]38]10]46] 1]23]32]

e Problem: space can be quadratic in a trie

e Compact suffix trees (Patricia trees): cut unary paths Tto Tbe Tat Tthe Tbeach Tor Tto Tbe Tat Twork, Tthat Tis Tthe real question $
e To remember the depth, a count is added at every node or the L4 71014 2023 2629 32 3843 46 50 95

string associated to the path is stored

e Space is now linear (=~ 9n)

Useful for complex queries: regular expressions in sublinear av-

erage time [4]

a7 48

Text

Index points

Suffixes

Suffix Array

Text

Index points



Suffix Array Search

e Every substring is a prefix of a suffix

e The prefix relation can be used for lexicographic order

z:aprefijodey <= (z:a < y) A (y < z:(a+1))

e Hence, two binary searches are enough to obtain the suffix array

range where all occurrences of = appear

Number of occurrences: range size

e Time is logarithmic in the size of the array

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
| 7]29[ 426]14]43]20]55]50]38]10[46] 1 [23]32]

to be at the beach or to be at work, that is the real question $

Prret ottt bt

7 10 14 20 23 26 29 32 38 43 46 50 55
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Suffix Array

Text

Index points

Suffix Array: Construction

e In principle is a lexicographical order
e But suffixes are suffixes of suffixes
e However, random access to the text is the bottleneck

e Best solution: sequential scan with counting

a) small text b) small text
‘ small suffix array‘ long text
c) ]
small text long suffix array

small suffix array * Y
counters }——’{ final suffix array

Building time is now linear (2003!)



Q-gram Indexes

In a g-gram index, every different text g-gram is stored, and all its

positions are stored in increasing text order.

rac
dab
cad
bra
ada

g-Gram Index

PRONON®
©

abr

abr

cad 5
bra | |9 g-Samples Index
1

P g-grams
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Q-Sample Indexes

e In a g-sample index, only some text g-grams are stored. In this

case the samples do not overlap.

e Useful to search long strings and using much less space (from .5

to 3n)
e Search for a string can be constant on average

¢ Building them takes linear time
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Algorithms for ASM using an Index

Search approaches:

¢ Neighborhood generation generates and searches for, using an

index, all the strings that are at distance & or less from the pattern

e Partitioning into exact searching selects pattern substrings that
must appear unaltered in any approximate occurrence, uses the
index to search for those substrings, and checks the text areas
surrounding them.

Assuming that the errors occur in the pattern or in the text leads

to radically different approaches.

e Intermediate partitioning extracts substrings from the pattern
that are searched for allowing fewer errors using neighborhood

generation.
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Current Results on this Taxonomy

Search Approach
Data Structure Neighborhood Partitioning into Intermediate
Generation Exact Searching Partitioning
Errors in Text | Errors in Pattern | Errors in Text | Errors in Pattern
[13] Jokinen &
Suffix Tree Ukkonen 91 [24] Shi 96
[29] Ukkonen 93
[8] Cobbs 95
Suffix Array [10] Gonnet 88 [21] Navarro &
Baeza-Yates 99
[13] Jokinen &
Q-grams n/a Ukkonen 91 [20] Navarro & Myers 90 [17]
[12] Holsti & | Baeza-Yates 97
Sutinen 94
Q-samples nla [26] Sutinen & nla [22] Navarro n/a
Tarhio 96 et al. 2000
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Neighborhood Generation

The Neighborhood of the Pattern:

o Let Uy(P) = {z € ¥*, d(z, P) < k} be the “k-neighborhood”

of P (is s finite set).

e Generate Uy(P) and use an index to search for their text occur-

rences [17]
e Problem: Uy(P) is quite large.
e Good bounds [28, 17] show |U,(P)| = O(m*c*) [28]

e This approach works well for small  and k.
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Backtracking
e Use a suffix tree or array to find i(P) in the text [4, 10, 29]

e Just some branches will be followed, but they factorize many

matches
¢ While searching we have three cases at node N:
a) Cyn. v < k, which means that y € Uy(P), and we report all
the leaves of the current subtree as answers.

b) C;n > k for every j, which means that y is not a prefix of

any string in U (P) and we can abandon this branch

c) Otherwise, we continue descending by every branch of that
node. If we arrive at a leaf node, we have to use a sequential

algorithm in the rest

e Some improvements [13, 30, 8] avoid processing some redun-

dant nodes at the cost of a more complex node processing

e The same idea can be used to compare a whole text against an-

other one or against itself [6]
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Example

The matrix can be seen now as a stack that grows to the right

slulr g/ e|r 3;

0123 45|67

s|1|0(1]2(3]4|56
ul2]|1]o]1[2[3]4](5 5
r|3]2|1]0]112[3]4 g
vi4|3]2[1|1]2[3]a 5
e|5]4 (322123 2
vy 65433 2|22 2
2

2cm In the example:
e With £ = 2 the backtracking ends indeed after reading " sur ge"

e With k£ = 1 the search would have been pruned after considering
"surger",and"surga", since in both cases no entry of the

matrix is < 1
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Partitioning into Exact Search: Errors in the Pattern

e We use Lemma 1 under the setting P = A, x; = €. That is, the
pattern is split in k& + s pieces, and hence s of the pieces must

appear inside any occurrence.

e Then, the k£ + s pieces are searched and the text areas where s of
those pieces appear under the stated distance requirements are

verified for a complete match.

e Search time in the index is O(m) or O(m log n), but the checking

time dominates.

e The case s = 1, proposed in [20], shows an average time to

check the candidates of O(m?kn/o™/(+1)),
e The case s > 1is proposed in [24] without any analysis.

e If s grows, the pieces get shorter and hence there are more matches
to check, but on the other hand, forcing s pieces to match makes

the filter stricter [24]. Recent results show that this is slower.

¢ Note that, since we cannot know where the pattern pieces can be

found in the text, all the text positions must be searchable.
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Partitioning into Exact Search: Errors in the Text

e Assume now that the errors occur in the text, i.e., A is an occur-

renceof PinT.

e We extract substrings of length ¢ at fixed text intervals of length
h > q.
e Those g-samples correspond to the A;’s of Lemma 1, and the

space between g-samples to the x;’s.

¢ What the lemma ensures is that, inside any occurrence of P con-
taining £ + s text g-samples, at least s of them appear in P at

about the same positions (£k).

e Now we need to ensure that any occurrence of P in 7" contains

at least k + s text g-samples, i.e., h < [(m—k—q+1)/(k+5)].
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Search Algorithm

e At search time, all the m — ¢ + 1 (overlapping) pattern g-grams

are extracted and searched for in the index of text g-samples.

e When s pattern g-grams match in the text at the proper distances,

the text area is verified.
e Thisidea is presented in [26], and earlier versionsin [13, 12, 27].
e The best value of g:

— Should be small to avoid a very large set of different ¢-

samples.

— Should be large to minimize the amount of verification.
e Some analysis [25] show that ¢ = ©(log,, n) is the optimal value.

e The best s value? A larger s may trigger fewer verifications.



Intermediate Partitioning

We filter the search by looking for pattern pieces, but those pieces
are large and still may appear with errors in the occurrences.
However, they appear with fewer errors, and then we use neigh-

borhood generation to search for them.

Lemma 2: Let A and B be two strings such that d(A, B) < k. Let
A = Az Aszxy...z; 1 Aj, Torstrings A; and z; and forany j > 1. Let
k; be any set of nonnegative numbers such that s/_, k; > k — j + 1.

Then, at least one string A; appears with at most k; errors in B.
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Proof and Example

The proof is easy: if every A; needs more than k; errors to match
in B, then the total distance cannot be less than (k—j+1)+j = k+1.

Note that in particular we can choose k; = | k/j] for every i.

Let £ = 5and j = 3. At least one of the A;’s has at most one error

(in this case A;)
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Intermediate Partitioning: Errors in the Pattern

Search approaches based on this method have been proposed in

[17, 21]. The algorithm is:
e Split the pattern in j pieces, for some j.

e Use neighborhood generation to find the text positions where

those pieces appear, allowing |k/j | errors.

e For each such text position, check with an on-line algorithm the

surrounding text.
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What value for ;?

e In [17], the pattern is partitioned because they use a g-gram in-
dex, so they use the minimum j that gives short enough pieces

(they are of length m /).

e In [21] the index can search for pieces of any length, and the

partitioning is done in order to optimize the search time.

e Consider the evolution of the search time as j; moves from 1

(neighborhood generation) to k41 (partitioning into exact search).
— We search for j pieces of length m/j with k/j errors, so the
error level « stays about the same for the subpatterns.

— As j moves to 1, the cost to search for the neighborhood of

the pieces grows exponentially with their length.

— As j moves to k + 1 this cost decreases, reaching even O(m)

when j = k£ + 1. So, to find the pieces, a larger j is better.



e Cost to verify the occurrences: consider a pattern that is split in

j pieces, for increasing j. Start with j = 2.

— Lemma 2 states that every occurrence of the pattern involves
an occurrence of at least one of its two halves with k/2 er-
rors, although there may be occurrences of the halves that

yield no occurrences of the pattern.

— Consider now halving the halves (j = 4), so we have four
pieces now (call them “quarters™). Each occurrence of one
of the halves involves an occurrence of at least one quarter
with & /4 errors, but there may be many quarter occurrences

that yield no occurrences of a pattern half.

— Hence, the verification cost grows from zero at j = 1 to its

maximumat j = k + 1.
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Trade-off

W

Neighborhood generation Intermediate partitioning Partitioning into exact search

e In [21] we show that the optimal j is ©(m/log, n), yielding a

time complexity of O(n*), for0 <\ < 1.

e This is sublinear (A < 1) for a < 1 — e/+/0, a pessimistic and

is replaced by 1 in practice).
e The same results are obtained in [17] by setting ¢ = ©(log,, n).

e The experiments in [21] show that this intermediate approach is

by far superior to both extremes.
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Intermediate Partitioning: Errors in the Text

e Consider an occurrence containing a sequence of j g-samples,

which must be chosen at stepsof h < |(m — k — ¢+ 1)/7].

e By Lemma 2, one of the g-samples must appear in the pattern

with |k/7] errors at most.

e Moreover, if every g-sample i appears in the pattern block Q; =

Pri . hi+q—1+% With k; errors, then it must hold that = &; < k.

e This method [26, 22] searches every block @; in the index of
g-samples using backtracking, so as to find the least number of

errors to match each text g-sample inside Q;.

e If a zone of consecutive samples is found whose errors add up

to at most k, the area is verified.

e To allow efficient neighborhood searching, we need to limit the

maximum error level allowed.

e Permitting ¢ errors may be too expensive, as every text g-sample

will be considered.
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e We chose ¢ > e > |k/j| and assume that every text g-sample

indeed matches with e + 1 errors.

e We search the pattern blocks permitting only e errors. Every
g-sample found with &; < e errors changes its estimation from

e + 1to k;, otherwise it stays at the optimistic bound e + 1.
e There is a trade-off here:

— For a small e value, the search of the e-neighborhoods is
cheaper, but as we must assume that the text g-samples not

found have e + 1 errors, some useless verifications are done.

— Using larger e values gives more exact estimates of the ac-
tual number of errors of each text g-sample, reducing use-
less verifications in exchange for a higher cost to search the

e-environments.

e Optimal e? In [22] it is mentioned that, as the cost of the search
grows exponentially with e, the minimal e = |k/j| can be a
good choice. Experimentally this scheme tolerates higher error

levels than the corresponding partitioning into exact search.
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Future

e Further study on the power of non-comparison based algorithms:

Many new bit-based algorithms

e Problem reduction works for text searching
Example: Multiple string searching plus checking
— Two dimensional case [Baeza-Yates and Regnier, 1990]
— Approximate pattern matching [Wu and Manber, 1991]

¢ The final optimal algorithm depends on the input

Further study of input adaptive algorithms?

New uses for old concepts. Example: g-grams

Indexing for ASM on NL text can be done better

Approximation algorithms with worst-case performance guar-

antees [16].

Use a metric space to search [7].

New text indexes tailored to special cases: ASM
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