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In a review of Eugene Charniak’s book “Statistical Language Learning” in
Computational Linguistics Vol. 21, No. 1 of March, 1995, David Magerman
writes:

The $64,000 question in computational linguistics these days
is: What should I read to learn about statistical natural lan-
guage processing? I have been asked this question over and
over, and each time I have given basically the same reply: there
is no text that addresses this topic directly, and the best one
can do is find a good probability-theory textbook and a good
information-theory textbook, and supplement those texts with
an assortment of conference papers and journal articles.

The overriding concern should be to learn (and teach) the ma-
thematical underpinnings of the statistical techniques used in
this field. The field of statistical NLP is very young, and the
foundations are still being laid. Deep knowledge of the basic
machinery is far more valuable than the details of the most
recent unproven ideas.

So let’s get down to it!
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Preface

This compendium is the result of the authors’ attempts at teaching courses
on statistical approaches in Computational Linguistics and Natural Lan-
guage Processing, and it is continuously evolving and undergoing revision.
Although we have already put considerable effort into writing, correcting
and updating this compendium, there are numerous errors and omissions in
it that we hope to deal with in the nearest future. The most recent release
of this compendium, in the form of a uuencoded gzipped PostScript file,
stat_cl.ps.gz.uu, or as an ordinary PostScript file, stat_cl.ps, can be
retrieved from one of the authors” WWW homepage at

http://www.coli.uni-sb.de/{~christer,~krenn}

The ambition is to cover most statistical, stochastic and probabilistic
approaches in the field. As will be obvious by inspecting the table of con-
tents, this is by no means yet the case.

The first three chapters have a distinct text-book character: Chapter 1
provides the necessary prerequisites in Probability Theory and Statistics,
Chapter 2 describes some statistical models that are much in use in the field,
and Chapter 3 constitutes an introduction to Corpus Linguistics. Chap-
ters 4 and 5 discuss how statistical models and techniques are applied to
various task in Computational Linguistics and Natural Language Proces-
sing, relating the material presented in the previous chapters to relevant
scientific articles.

Feel free to use this compendium, but please do acknowledge the source.
Also, any comments or suggestions to improvements are more than wel-
come, and are most likely to enhance future versions of the compendium.
We are already greatly indebted for this to Rens Bod, Bob Carpenter, John
Carroll, Ted Dunning, Jussi Karlgren, Kimmo Koskenniemi, David Mager-
man, David Milward, Joakim Nivre, Khalil Sima’an, Atro Voutilainen and
numerous students at the University of the Saarland, Uppsala University,
the University Helsinki and to course participants at the ESSLLI-97 sum-
mer school in Aix-en-Provence. Special credit is due to Thorsten Brants,
who wrote the first version of the section on Hidden Markov Models, and
to our online mathematician Ake H. Samuelsson. Parts of the compendium
are used in a web-based introductory course on statistical natural language
processing which is set up by Joakim Nivre at Goteborg University. It can
be accessed via http://www.ling.gu.se/~nivre/kurser/wwustat/.

Saarbrucken New York

December 1997
Brigitte Krenn Christer Samuelsson
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Chapter 1

Basic Statistics

1.1 The Stability of the Relative Frequency

Although an elegant theory in its own right, the main reason that statistics
has grown as popular as it has is something that is known as “The stability
of the relative frequency”. This is the empirical observation that there is
some structure also in random processes. If we for example flip a coin a
large number of times, we will note that in approximately half the cases
the outcome is “heads” and in approximately half the cases it is “tails”. If
we flip a coin a small number of times, say only once, twice or three times,
this is not consistently the case.

The proportion of times a certain outcome occurs is called the relative
frequency of the outcome. If n, is the number of times the outcome u occurs

in n trials, then DU is the relative frequency of u. The relative frequency

is often denoted f:.

Empirically, there seems to be some number which the relative frequency
stabilizes around after a large number of trials. A fundamental assumption
in statistics is that such numbers exist. These numbers are called probabi-
litzes.

1.2 Elementary Probability Theory

Introductory presentations of statistics often disguise probability theory in
set theory, and this is no exception.

1.2.1 Sample Space

The sample space is a set of elementary outcomes. An event is a subset of
the sample space. Sample spaces are often denoted €2, and events are often
called A, B, C, etc. Let’s get this grounded with an example:

Example: For a normal die', the six elementary outcomes are
One, Two, Three, Four, Five and Six, and thus the sample space
2 is the set {One, Two, Three, Four, Five, Six}. The events are
various subsets of this set, e.g., “the outcome is One”, {One};
“the outcome is less than four”, {One, Two, Three}; the out-
come is odd, {One, Three, Five}; etc. In fact, there are 2° = 64

14Die” is the singular form of “dice”, a sort of mechanical random generators used in
games like Craps, Monopoly and Fia-med-knuff.
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different subsets of €2, i.e., there are 64 distinct events in €2,
including the empty set ) and 2 itself, see Section 1.2.7.

Statisticians are a kind of mathematicians, and like to distinguish between
for example the outcome One, which is a basic element, and the event
{One}, which is a set consisting of one element. We will try to keep this
up for a while.

1.2.2 Probability Measures

A probability measure P is a function from events in the sample space €2,
i.e., from the set of subsets of 2,  to the set of real numbers in [0, 1] that
has the following properties:

I) 0 < P(A) <1 foreachevent ACQ
2) PQ) =1
3) AnB =0 = P(AUB) = P(A)+ P(B)

Intuitively, the total mass of 1 is distributed throughout the set Q by the
function P. This will assign some particular mass to each subset A of €.
This mass is the probability of event A, denoted P(A). AN B = () means
that A and B are disjoint, i.e., that they have no common element.

Example: For a fair (unbiased) die, where as we recall the
sample space is the set {One, Two, Three, Four, Five, Six}, the
mass 1 is evenly and justly divided among the six different sin-
gleton sets. Thus P({One}) = P({Two}) = P({Three}) =

P({Four}) = P({Five}) = P({Six}) = é If A is the event of
the outcome being divisible by two, i.e., the subset { T'wo, Four, Six},

and if B is the event of the outcome being divisible by three,

1 1
i.e., the subset {Three, Six}, then P(A) = 3 and P(B) = 3
A loaded die, used by cheaters, would not have the probabi-

lity mass as evenly distributed, and could for example assign

P({Six}) a substantially larger value than é

Some immediate corollaries that are worth remembering fall out from
the definition of a probability measure:

P(B\ A) = P(B)— P(ANB)

ACB = P(A) < P(B)

P(4) = 1-P(4)

PW0) =0

P(AUB) = P(A)+ P(B)— P(ANB)

a

o o
~— O~

S
~— ~—

€

B\ A denotes the difference set B minus A, i.e., the set of elements in B
that are not members of A. A denotes the complement of A, i.e., 2\ A.

Proofs:
a) B = (B\A)U(ANB) ; (B\A)N(ANB) = 0 =
P(B) = P(B\A)U(ANB)) = P(B\A)+P(ANB)

2This is called the power set of Q and is denoted 2¢%.




neously can be established directly from the individual probabilities of A
and B.

Example: To continue the example of the fair die, with the
events A of the outcome being divisible by two and B of the
outcome being divisible by three, we note that P(A N B) =

P({Six}) = é, and that P(A) - P(B) = = é Thus A and

B are independent.

N | =
Lo =

Let C' be the event of the outcome being divisible by four and
1
note that P(C) = P({Four}) = g Intuitively, the property

of being divisible by four is related to the property of being

divisible by two, and if we calculate on the one hand P(ANC) =
11

P({Four}) = é, and on the other hand P(A4)- P(C) = 38>
11—2, we see that A and C' are not independent.
1.2.4 Conditional Probabilities

P(A | B) is a so-called conditional probability, namely the probability of
event A given that event B has occurred, and is defined as

P(AN B)

PAIB) = —5p

(1.2)

This 1s the updated probability of A once we have learned that B has
occurred. P(A) is often called the prior probability of A since we have no

3 “Iff” means if and only if.



